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We study the quantum coherence properties of spin waves in a ferromagnetic thin film driven by a dc current
in a spin-torque nano-oscillator. We show that if the current barely exceeds the threshold value the driven
magnon states are not coherent and exhibit pronounced thermal noise. Only when the current exceeds the
threshold value by a certain amount that depends on the material parameters and temperature of the nanostruc-
ture the microwave oscillation will exhibit quantum coherence.
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It has been well-established experimentally1–5 that spin
waves can be excited by a direct current traversing a mag-
netic multilayer when the current density exceeds a critical
value. The origin of this effect lies on the spin-transfer-
induced �STI� torque created by spin-polarized electrons in a
current injected into a ferromagnetic thin film that acts on the
magnetization opposing the process of relaxation.6–8 Since
the STI torque is proportional to the current density this ef-
fect becomes important when the lateral dimensions of the
contacts are on the order of a few hundred nanometers. In a
spin-transfer nano-oscillator �STNO�, illustrated in Fig. 1, a
microwave signal is generated by the oscillation in the giant
magnetoresistance produced by the precessing magnetization
of the spin waves in the ferromagnetic free layer.9,10

Although the operation of STNOs is based on phenomena
of quantum origin almost all theoretical studies of the spin
dynamics utilize the classical Landau-Lifshitz-Gilbert equa-
tion of motion. This is justified by the fact that the number of
electrons involved in the process is very large so one can
work in the classical limit. In previous papers,11,12 we pre-
sented a spin-wave theory for the dc current excitation show-
ing that nonlinear effects due to magnon interactions account
for the stabilization of the magnetization precession and the
frequency shifts observed with increasing current. The theory
explains the now well established2–5,9–13 downward fre-
quency shifts �redshifts� with increasing current when the
magnetic field is applied in the film plane and upward fre-
quency shifts �blueshifts� when the field is perpendicular to
the film. In this Brief Report, we study in more detail the
quantum nature of the spin waves excited by the dc current
near threshold. The formalism used is the same employed to
study quantum coherence in spin waves driven by micro-
wave fields14 and in laser systems.15

We consider a ferromagnetic film of thickness d traversed
by a direct current with spin-polarized electrons. The theory
is based on a quantum spin-wave formalism to treat the mag-
netic excitations described by the following system Hamil-
tonian,

H = HS + HR + HRS, �1�

where HS, HR, and HRS are, respectively, the Hamiltonians
for the spin-wave system, the heath bath reservoir and the
reservoir-system interaction. For the objectives of this paper
the system Hamiltonian can be written as HS=H0+H�4�,
where

H0 = ��
k

�kck
+ck, �2�

is the unperturbed Hamiltonian for free magnons with fre-
quency �k and wave vector k� assumed in the film plane,
described by creation and annihilation operators ck

+ and ck,
containing Zeeman, volume anisotropy of crystalline or
shape origin, volume exchange, interlayer exchange, surface
anisotropy, and dipolar contributions.12 H�4� represents the
four-magnon interaction that has contributions conserving
energy and momentum given by16–18

H�4� = ��
k,k�

�1

2
Skk�ck

+c−k
+ ck�c−k� + Tkk�ck

+ck�
+ ckck�� , �3�

where the interaction coefficients are determined mainly by
the dipolar and exchange energies. For the k values relevant
to the experiments the exchange contribution is negligible so
that the coefficients in Eq. �3� are given approximately by the
surface and bulk values for the dipolar interaction and de-
pend on the direction of the magnetization.

The Hamiltonian for the heat bath can be written as19

HR = ��
�

��R�
+R�, �4�

where ��, R�
+, and R� represent, respectively, the frequency,

the creation, and the annihilation operators of the heat bath
modes. Finally,
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FIG. 1. Schematic structure of a STNO. Current is injected

through contacts C. Electrons flowing upwards are spin polarized
by the magnetization of the thick ferromagnetic pinned layer,
traverse the thin metallic or insulating nonmagnetic spacer layer,
and drive the magnetization of the ferromagnetic free layer.
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HRS = ��
k,�

gk,�
� R�

+ck + gk,�R�ck
+, �5�

represents the interaction between the magnons k and the
heat bath modes, characterized by a two-mode interaction
with coupling coefficient gk,�. In order to obtain the equa-
tions of motion for the magnon operators in the film tra-
versed by spin-polarized electrons we consider that the spin
angular momentum �S� is driven by a STI torque as given by
Slonczewski,7

�STI =
�J

�MS
M� 	 �ẑ 	 M� � , �6�

with

� = 
��/2dMse , �7�

where J is the electric current density traversing the film in
the perpendicular direction and assumed to be uniform, �
=g�B /� is the gyromagnetic ratio, g is the spectroscopic
factor, �B is the Bohr magneton, e is the electron charge, Ms
is the saturation magnetization, ẑ is the direction of the spin
polarization, determined by the applied field that magnetizes
the films, and 
 is a spin transfer efficiency parameter that
depends on the materials of the multilayer.7 The essential
feature of the STI torque is that it acts on the magnetization
deviating it away from equilibrium, producing an effect op-
posite to that of the relaxation and effectively driving its
motion. Assuming that only one standing wave mode sup-
ported by the bound film is excited by the polarized current,
one can express the torque �6� in terms of the magnon
operators12 and using the Heisenberg equation one can obtain
the equation of motion for the magnon destruction operator,

dck

dt
= − i�kck − ��k − �J�ck − �J




SN
ck

+ckck − i
Tk

SN
ck

+ckck

+ Fk�t� �8�

where

�k = �D��k��gk,��2, �9�

Fk�t� = − i�
�

gk,�R�e−i��t, �10�

where �k represents the magnetic relaxation rate expressed in
terms of the interaction between magnon k and the heat res-
ervoir, D��� is the magnon density of states, and Fk�t� is a
Langevin random force with correlators of Markoffian sys-
tems type.14,15 The other parameters are 
=3 /2�uk

2+vk
2�, uk

and vk are the coefficients of the Bogoliubov transformation
relating the collective spin deviation operators to the normal
mode spin-wave operators, N is the number of spins S in the
sample, and Tk is the coefficient arising from the surface
dipolar and anisotropy contributions to the four-magnon in-
teraction. For the magnetization perpendicular to the film
plane one has12 uk=1, vk=0, and

Tk = �6�Mef f , �11�

whereas for the magnetization parallel to the film12 uk�1,
vk

2=uk
2−1, and

Tk = − �3�Mef f� , �12�

where Mef f is the effective magnetization of the film includ-
ing the effect of surface anisotropy and � is a factor given by

� = uk
4 − 3uk

3vk + 4uk
2vk

2 − 3ukvk
3 + vk

4. �13�

For the material parameters of Ref. 5 uk=1.32, vk=0.87 so
that �=2.01. Note that Eqs. �8�, �11�, and �12� have factors
that were obtained assuming that the mode driven by the dc
current is a standing wave, as appropriate for a nanopillar
structure. Note also that except for the term in Tk, Eq. �8� has
the same form as the equation for the electromagnetic field
operator for a laser.15 The classical form of Eq. �8� with some
approximations in the coefficients has been widely used to
study several properties of STNOs.10

Initially we consider that the expectation values of the
operators ck

+ and ck can be treated as classical variables, de-
noted by ck

� and ck and neglect the fluctuating force. Equation
�8� then gives,

dck

dt
= − i��k + ��k�ck − ��k − �J�1 −

nk


SN
��ck, �14�

where

��k = Tknk/SN , �15�

is the frequency shift due to the nonlinear interaction and
nk=ck

�ck is the number of magnons.
Equation �14� reveals that when a current with density

above the critical value Jc=�k /� traverses the film, the spin-
wave amplitude initially with thermal values grows exponen-
tially in time while the number of magnons nk is small. How-
ever, as nk increases and approaches SN the STI driving
decreases due to its negative nonlinear term and its effect is
balanced by the relaxation, so that the spin-wave amplitude
saturates. With Eq. �14� and its complex conjugate one can
obtain a simple equation for the magnon number in the
steady state at times t��k

−1,

nss = SN
I − Ic

I

, �16�

where Ic=Jca is the critical current, a being area of the cur-
rent cross section. With Eqs. �15� and �16� we obtain the
frequency shift as a function of current for I� Ic,

��k = �Tk
I − Ic

I

. �17�

This result together with Eqs. �11� and �12� shows the
well known fact that frequency shifts upwards with increas-
ing current �blueshift� for films magnetized perpendicular to
the plane whereas for films magnetized in the plane it shifts
downwards �redshift�.2–5,9–13

Equation �14� has been employed in many studies of ST-
NOs, isolated or coupled to one another. However Eq. �14�
does not bear all of the quantum features contained in Eq.
�8�. For the study of the full quantum nature of the spin
excitations in STNOs it is convenient to work in the repre-
sentation of coherent magnon states. As is well known the
eigenstates �nk	 of the Hamiltonian H0 and of the number
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operator nk=ck
+ck can be obtained by applying integral pow-

ers of the creation operator to the vacuum. These stationary
states have precisely defined number of magnons nk and un-
certain phase. They are used in nearly all quantum treatments
of thermodynamic properties, relaxation mechanisms, and
other phenomena involving magnons. However, they have
zero expectation value for the small-signal transverse mag-
netization operators mx and my and consequently cannot gen-
erate microwave radiation. The states that correspond to clas-
sical spin waves are the coherent magnon states,20,21 defined
in analogy to the coherent photon states introduced by
Glauber.22 A coherent magnon state is the eigenket of the
circularly polarized magnetization operator m+=mx+ imy. It
can be written as the direct product of single-mode coherent
states, defined as the eigenstates of the annihilation operator,
ck��k	=�k��k	, where the eigenvalue �k is a complex num-
ber. Although the coherent states are not eigenstates of the
unperturbed Hamiltonian and as such do not have a well
defined number of magnons, they have nonzero expectation
values for the magnetization m+ with a well-defined phase.
The coherent state ��k	 can be expanded in terms of the
eigenstates �nk	 and has an expectation value for the number
operator given by 
nk	= ��k�2. The coherent states are not
orthogonal to one another, but they form a complete set, so
they can be used as a basis for the expansion of an arbitrary
state. In order to study the coherence properties of a magnon
system, it is convenient to use the density matrix operator �
and its representation as a statistical mixture of coherent
states,22

� =� P��k���k	
�k�d2�k, �18�

where P��k� is a probability density, called P representation,
satisfying the normalization condition �P��k�d2�k=1 and
d2�k=d�Re �k�d�Im �k�. As shown by Glauber,22 if � repre-
sents a thermal Bose-Einstein distribution, P��k� is a Gauss-
ian function. On the other hand, if � corresponds to a coher-
ent state, it is described by a Poisson distribution and P��k�
is a Dirac 
 function.

In order to study the coherence properties of the spin-
wave mode driven by the STI torque one has to use methods
of statistical mechanics appropriate for boson systems inter-
acting with a heat bath. We follow here a procedure similar
to that used to study the microwave excitation of spin waves
by the so-called subsidiary resonance process14 and lasers.15

First we expand the quantum states in the representation of
coherent magnon states ��k	. From Eq. �8� we obtain for the
coherent state eigenvalue in a frame rotating with frequency
�k, defined by ck���k	=�k�t�e−i�kt��k	, where ck�=ck / �SN�1/2 is
the normalized destruction operator, the following equation
of motion

d�k�t�
dt

+ iTk��k�2�k�t� − �R
�R − 1

R

− ��k�2��k�t� = Fk�t�ei�kt

�19�

where R= I / Ic is a driving parameter. Equation �19� contains
all the information carried by the equations of motion for the
magnon operators. It is similar to the nonlinear Langevin

equation which appears in Brownian motion studies, micro-
wave spin-wave pumping14 and laser theory.15 However, Eq.
�19� contains the nonlinear frequency shift term in Tk which
plays very important role in the properties of
STNOs.10–13,23,24 Equation �19� reveals that the magnon
modes with amplitude �k are driven thermally by the heat
bath modes and also by the STI torque produced by the
spin-polarized dc current. The solutions of Eq. �19� confirm
the previous analysis. For I� Ic the driving parameter R is
less than 1 and the magnon amplitudes are essentially the
ones of the thermal reservoir. For I� Ic, R�1 and the mag-
non amplitudes grow exponentially and are limited by the
effect of the nonlinear interaction. Well above threshold the
steady-state solution of Eq. �19� gives for the normalized
number of magnons nk�=nk /SN= ��k�2 an expression identical
to Eq. �16�. The final step to obtain information about the
coherence of the excited mode is to find an equation for the
probability density P��k�, defined in Eq. �18�, that is stochas-
tically equivalent to the Langevin equation. Using �k
=ak exp�i�k� we obtain a Fokker-Plank equation in the
form14,15,24

�P

�t�
+

1

x

�

�x

�A − x2�x2P� =

1

x

�

�x
�x

�P

�x
� + Tk�x

2 �P

��k
+

1

x2

�2P

��k
2 ,

�20�

where

t� = �R
n̄k��
1/2�kt , �21�

x = �R
/n̄k��
1/4ak, �22�

Tk� = Tk/�R
�k� , �23�

represent normalized time, magnon amplitude and nonlinear
coefficient, and A is related to the driving parameter R by,

A = � 1

R
n̄k�
�1/2

�R − 1� . �24�

Equation �20� describes the full dynamics of the magnon
excitation in the film by the dc spin-polarized current. Here
we are interested in the stationary solution of Eq. �20� inde-
pendent of �k which has the form,

P�x� = C exp� 1
2Ax2 − 1

4x4� . �25�

where C is a normalization constant such that the integral of
P�x� in the range of x from zero to infinity is equal to unity.
Note that for obtaining Eq. �25� all integration constants
were set to zero to satisfy this condition.

Figure 2 shows plots of P�x� for four values of R= I / Ic for
material parameters as in the experiments of Ref. 5, 
=3.7,
�k /2�=4 GHz, and T=300 K. For I=0.8Ic, the coefficient
A is negative �−2.92� and P�x� behaves as a Gaussian distri-
bution, characteristic of systems in thermal equilibrium and
described by incoherent magnon states.22 For I= Ic, A=0, and
P�x� also looks a broad Gaussian function indicating a noisy
oscillation. For I=1.2 Ic, A is positive but small �2.38�, and
the stationary state consists of two components, a coherent
one convoluted with a smaller fluctuation with Gaussian dis-
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tribution. Finally for I=2.0 Ic, A is positive and large �9.24�
and P�x� becomes similar to a Poisson distribution, charac-
terizing the dominance of a coherent state. Since the variance
of P�x� is proportional to A−1, for A�1 the function P�x�
becomes a deltalike distribution, characteristic of a pure co-
herent magnon state.22 For A�0 it is easy to show that P�x�
given by Eq. �25� has a peak at x0=A1/2. Thus for large
values of A P�x� represents a coherent state with an average
number of magnons given by x0

2=A. This gives for the mag-
non number an expression identical to Eq. �16�.

The results in Fig. 2 reveal that it if the current is only
slightly above threshold one does not have a pure coherent

state. The quantum state is a coherent state with a random
phase characteristic of thermal noise. From Fig. 2 one can
infer that the magnons approach coherent states for a driving
coefficient A�2. Using this condition and considering n̄k
�kBT /��k �T is the temperature and kB the Boltzmann con-
stant�, N=ad /a0

3 �a0 is the lattice parameter�, with Eq. �24�,
considering R�1 we obtain the current increment above
threshold necessary to attain coherence for the conditions of
Ref. 5,

� I − Ic

Ic
� � 2� kBTa0

3


��Sad
�1/2

. �26�

For a film with dimensions d=5 nm and a=100
	100 nm2 and with parameters appropriate for the experi-
ments of Ref. 5, 
=3.7, T=300 K, a0=0.35 nm, and
� /2�=4 GHz, condition �26� gives �I− Ic� / Ic�0.1. Equa-
tion �26� shows that the microwave signal generated by the
STNO becomes coherent when the current exceeds the
threshold value by an amount that increases with increasing
temperature and decreasing frequency or film volume. If the
driving current is above threshold but below the value given
by Eq. �26� the generated microwave is a noisy signal with a
broad spectrum, as observed experimentally25 and demon-
strated theoretically.24 At larger driving currents the coher-
ence increases so that one expects a narrower spectrum of the
generated microwave signal. This has been confirmed by de-
tailed calculations showing that the linewidth of the signal
decreases with increasing oscillation power.23,24
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